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SECTION - A

IAnswer ALL the questions. (10 x 2 = 20 marks)
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Let V beavector spaceover F . If allF,vOV then provethat (—a)v=a(-v) =—(av).
Prove that any subset of alinearly independent set is also linearly independent.
Prove that the vectors (1, 0, 0), (1, 1, 0) and (1, 1, 1) form abasisfor R®.
Isthe mapping T : R* — Rdefined by T(a,b) = ab ahomomorphism? Justify.
If V isan inner product space then prove that
<u,av+pw>=a<u,v>+L[<u,w>
Define eigenval ues and eigenvectors of alinear Transformation.

Define a unitary matrix and give an example.
If A and B are Hermitian show that (AB + BA) is Hermitian and (AB — BA) is skew Hermitian.
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Find therank of thematrix A=|1 1 |over thefield of rational numbers.
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10. If S, T OA(V) then provethat (ST)*=T * S*

SECTION - B

Answer any FIVE questions. (5 x 8 =40 marks)

11. If Sand T are subsets of avector space V over F, then prove that

i Sisasubset of Vifandonly if L(S = S
ii. S O Timpliesthat L(S) O L(T)

12. If Visasubspace of finite dimension and is the direct sum of its subspaces U and W, then prove that

dmV =dimU +dimW.

13.Let T:U - V be ahomomorphism of two vector spaces over F, and suppose that U has finite

dimension then prove that dimU = nullityof T +rankof T

14. State and prove Schwarz inequality.

15. Provethat T O A(V)isinvertibleif and only if the constant term of the minimal polynomial for T is non

Z€Ero.

16. 1f V =R*and let T 0 A(V) be defined by

T(a,a,,8;) =(3a, +a,,—- 23, +a,,—a +2a, +4a,),

\What is the matrix of T relativeto thebasisv; = (1, 0, 1), v = (-1,2,1), v3 =(2,1,1)




17. Find the rank of the matrix over thefield of rationa numbers.
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18. Provethat if <T(v),T(v) >=<v,v>foral vinV, TisUnitary.

SECTION -C
Answer any TWO questions. (2 x 20 = 40 marks)

19. () Prove that the vector space V over F isadirect sum of two of its subspaces W, and W if and only if
V=W+W, and Wy, n W= (O)
(b) For A BOF,and AF, Show that
(2) tr(AA) = Atr (A)
(2) tr(A+B) =tr(A) +tr(B)
(3) tr(AB) =tr(BA)
20. (@) Let V be aVector space of finite dimension and W; and W, be subspaces of V such that
V =W, +W,and dimV =dimW, +dimW, . Prove that V =W, W,
(b) Let U and V be vector spaces over afield F. Prove that the set Hom(U,V), the set of all
homomorphisms from U to V is a vector space over F.
21. (a) Prove that every finite-dimensional inner product space V has an orthonormal basis.
(b) If TOA(V)and T satisfiesapolynomia f(x) 0 F(x), prove that the minimal polynomial for T over
F divides f(X).
22. (a) Investigate for what values of A, u the system of equations
X+y+z=6
X+2y+3z=10
X+2y+Az=u
over the rational field has (i) no solution, (ii) aunique solution (iii) an infinite
number of solutions.
(b) Prove that the linear transformation T on V is unitary if and only if T*T=1.

(c) Provethat the eigenvalues of a unitary transformation are all of absolute
value 1.




